Abstract. Motivated by the counting of BPS states in string theory with orientifolds, we study moduli spaces of self-dual representations of a quiver with contravariant involution. We develop Hall module techniques to compute the number of points over finite fields in moduli stacks of semistable self-dual representations. Wall-crossing formulas relate these counts for different choices of stability conditions. In particular cases, these formulas model the primitive wall-crossing of orientifold Donaldson-Thomas/BPS invariants suggested in the physics literature. In finite type examples, the wall-crossing can be understood as identities for quantum dilogarithms acting in representations of quantum tori.
Introduction
Moduli spaces of quiver representations form a large and interesting class of moduli problems in algebraic geometry. Since their introduction, quiver moduli have been used to study many areas of mathematics, such as the theory of quantum groups, derived categories of coherent sheaves and Donaldson-Thomas (DT) theory. Not unrelated, quiver moduli also appear in various quantum field and string theoretic problems.
Quiver moduli were originally constructed by King [17] , who showed that the definition of stability arising from Geometric Invariant Theory (GIT) coincides with a purely representation theoretic definition of stability, called slope stability. The latter definition is modelled on Mumford's slope stability of vector bundles over curves. More generally, stability of principal bundles over curves, with structure group a classical group G preserving a non-degenerate bilinear form, can also be understood in terms of slope stability [28] . From the vector bundle point of view, the potentially destabilizing subbundles must be isotropic.
Playing the role of G-bundles in the quiver setting are the orthogonal and symplectic representations of Derksen and Weyman [6] and more generally self-dual representations of a quiver with contravariant involution [34] . In this paper we introduce a notion of stability for self-dual representations that combines quiver and G-bundle stability and coincides with the natural definition arising from GIT (Theorem 2.4). This allows us to construct moduli spaces of (semi)stable self-dual representations using GIT. Similar to moduli of G-bundles over a curve, moduli spaces of self-dual representations are in general highly singular due to the existence of strictly semistable self-dual representations. Even stable moduli spaces need not be smooth, possibly having orbifold singularities at the non-simple stable self-dual representations. Because of singularities, it will also be natural for us to consider moduli stacks of self-dual representations. Of particular importance will be generating functions counting the number of F q -rational points of these moduli stacks.
A powerful tool in the study of quiver moduli is the Hall algebra. Under assumptions to ensure smoothness, analogous to the coprime assumption for moduli of vector bundles over a curve, Hall algebra techniques yield rather explicit expressions for Poincaré polynomials of quiver moduli [29] . This method uses Deligne's solution of the Weil conjectures to relate counts of F q -rational points of quiver moduli to their Poincaré polynomials. Central to this approach is Reineke's integration map, an algebra homomorphism from the Hall algebra to a quantum torus, that can be used to translate categorical identities in the Hall algebra into numerical identities in the quantum torus. More generally, without any smoothness assumption, similar techniques can be used to study the motivic DT theory of quivers [24] , [25] . Generalizations of the Hall algebra and integration map also play a fundamental role in the generalized DT theory of 3-Calabi-Yau categories [16] , [18] , [19] .
The analogue of the Hall algebra for self-dual representations was introduced in [33] . There it was shown that the self-dual extension structure of the representation category can be used to construct a module over the Hall algebra, called the Hall module. In the same way that the Hall algebra encodes geometry of quiver moduli, we show in this paper that the Hall module encodes geometry of self-dual quiver moduli. Using results of [33] , in Theorem 3.1 we construct a lift of the integration map to the Hall module, the target of the lift being a representation of the quantum torus. With this result in hand, we adapt the Hall algebra methods described above to the self-dual setting. Following work of Reineke [29] , in Theorem 3.3 we solve the Harder-Narasimhan recursion for self-dual representations. This gives an identity in the Hall module expressing the semistable self-dual characteristic function in terms of characteristic functions that are independent of the stability condition. Using the integration map, this leads to an explicit formula for the stacky number of semistable self-dual representations over a finite field; see Theorem 3.4. This provides a quiver theoretic analogue of Laumon and Rapoport's computation of the Poincaré series of the moduli stack of semistable G-bundles over a curve [22] .
Self-dual quiver representations also appear in the physics literature on orientifolds. For example, the Higgs branch of a worldvolume gauge theory of Dp-branes in a Dp-D(p + 4)-brane system, with D(p + 4)-branes and orientifold (p + 4)-planes wrapping a Kleinian singularity, is a moduli space of self-dual quiver representations [9] . One of the motivations of this paper is to develop a framework for the counting of BPS states/DT invariants in the presence of an orientifold. That orientifold DT theory should exist was first suggested by Walcher in his study of real Gromov-Witten theory [32] . Expected properties of orientifold DT invariants for particular models were later discussed in [20] . However, a basic definition was not given. In this paper we define the orientifold DT series of a quiver with duality structure as the generating function for the number of F q -rational points of stacks of semistable self-dual representations, computed in Theorem 3.4 above. The Hall module formalism leads to an explicit wall-crossing formula, Theorem 3.5, relating the orientifold DT series for different choices of stability condition. In particular cases, the wall-crossing formula models the primitive wall-crossing formula for orientifold BPS invariants proposed in the physics literature [4] . We take this as strong evidence that our framework is indeed applicable to the study of BPS states in orientifolds. The wall-crossing formula can also be stated in terms of quantum dilogarithm identities, as in the ordinary case [8] . More precisely, instead of identities for quantum dilogarithms holding in quantum tori, we find identities holding in representations of quantum tori. In finite type examples we use these identities to define orientifold DT invariants; see equation (16) . This should provide an instance of a general definition of orientifold DT invariants in terms of quantum dilogarithm factorizations. In Section 3.4 we explain how some of the above results can be extended to quivers with potential using equivariant Hall algebras [25] .
In [13] it was proposed that the space of BPS states in a quantum field or string theory with extended supersymmetry has the structure of an algebra, the product of two BPS states describing their possible BPS bound states. Mathematical models for this algebra include variants of the Hall algebra, most notably its motivic [15] , [18] and cohomological [19] versions. Imposing different structures on the physical theory gives different algebraic structures on its space of BPS states. For example, the space of BPS states in a theory with defects is expected to form a representation of the algebra of BPS states for the theory without defects [11] . The defect BPS states can alternatively be seen as open BPS states with boundary on the defect. See [31] for further examples. The Hall modules considered in this paper are different, modelling BPS states in string theories with orientifolds together with an action of the BPS states in the parent (unorientifolded) theory.
1 From a categorical point of view, the additional structure on the category of branes in a orientifold theory is a duality and the branes that survive the orientifold projection are precisely the self-dual objects [7] , [14] . Finally, we remark that the Hall module is naturally graded by the Grothendieck-Witt group (algebraic KR-theory) of the brane category with orientifold duality. This is in agreement with physical predictions [14] , as the Grothendieck-Witt group classifies the charges of D-branes surviving the orientifold projection.
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Self-dual quiver representations
Throughout this paper we denote by k the ground field, whose characteristic is assumed to be different from two.
Let Q be a quiver with finite sets of nodes Q 0 and arrows Q 1 . Denote by Λ Q = ZQ 0 the free abelian group generated by Q 0 . The set of dimension vectors is the subset Λ 
In this paper we will also be interested in representations of quivers having additional structure. We now introduce this class of representations.
Definition. An involution σ of Q is a pair of involutions
− −− → σ(i), and (2) σ fixes arrows of the form i α − → σ(i).
1 One can also define a cohomological Hall module, but we do not discuss this in this paper.
Let (Q, σ) be a quiver with involution. Fix functions s : Q 0 → {±1} and τ : Q 1 → {±1} with s being σ-invariant and satisfying the compatibility condition that τ α τ σ(α) = s i s j for all arrows i α − → j. The pair (s, τ ) is called a duality structure on (Q, σ).
Definition. A self-dual representation of (Q, σ) is a pair (M, ·, · ) consisting of a representation M and a non-degenerate bilinear form ·, · on the total space i∈Q0 M i such that (1) M i and M j are orthogonal unless and i = σ(j), (2) the restriction of the form ·, · to
and (3) for all arrows i α − → j and x ∈ M i , x ′ ∈ M σ(j) , the structure maps satisfy
When τ ≡ −1 and s ≡ 1 or s ≡ −1, self-dual representations are the orthogonal or symplectic representations, respectively, introduced by Derksen and Weyman [6] . Self-dual representations for general duality structures were studied in [34] .
There is a categorical interpretation of self-dual representations that will be useful in what follows. A duality structure on (Q, σ) gives rise to an exact contravariant functor S :
Here (−)
∨ denotes the functor
with ev the canonical evaluation isomorphism from a finite dimensional vector space to its double dual, a short calculation shows that S(Θ U )Θ S(U) = 1 S(U) for all representations U . Hence, the triple (Rep k (Q), S, Θ) is an abelian category with duality. A self-dual object is then a pair (M, ψ M ), or just M if no confusion will result, consisting of a representation M and an isomorphism
Given a self-dual object M , the bilinear form
gives M the structure of a self-dual representation. This defines an equivalence from the groupoid of self-dual objects (with ψ-preserving isomorphisms as morphisms) to the groupoid of self-dual representations (with isometries as morphisms). We will use this equivalence throughout the paper to identify self-dual objects and self-dual representations.
Let M be a self-dual representation. If U ⊂ M is an isotropic subrepresentation, then its ψ M -complement U ⊥ is a subrepresentation of M containing U . The quotient U ⊥ /U inherits from M a canonical self-dual structure, denoted by M//U in what follows.
For each representation U , the pair (S, Θ) gives Ext i (S(U ), U ) the structure of a Z 2 -representation. We will write Ext i (S(U ), U ) ±S for the subspace of (anti-)fixed points and define
It was shown in [33, Proposition 3.3 ] that E(U ) depends only on u = dim U and so defines a function E : Λ Q → Z. Explicitly, from loc. cit. we have 
Moduli spaces of self-dual quiver representations
Fix an element θ ∈ Λ ∨ Q = Hom Z (Λ Q , Z), called a stability. The slope with respect to θ of a non-zero representation U is
Here we have written θ(U ) for θ(dim U ). We will also write µ for µ θ if there can be no confusion.
By convention the zero representation is semistable but not stable. An involution σ of Q induces involutions of Λ Q and Λ ∨ Q , which we denote by σ and σ * , respectively. The subgroup of σ-symmetric virtual dimension vectors is denoted Λ
In particular, the slope of a self-dual representation is zero.
Lemma 2.1. Let θ be a σ-compatible stability. A representation U is semistable (resp. stable) if and only if S(U ) is semistable (resp. stable).
Proof. The representation U is semistable if and only if µ(U ) ≤ µ(W ) for all non-zero quotients U ։ W . By σ-compatibility, this inequality is equivalent to µ(S(W )) ≤ µ(S(U )). As subrepresentations of S(U ) are precisely of the form S(W ), this is equivalent to semistability of S(U ). The argument for stability is analogous.
Motivated by stability of principal G-bundles over a curve [28] , we define stability of self-dual representations as follows.
Again, the trivial self-dual representation is σ-semistable but not σ-stable. As σ-compatible stabilities cannot be chosen generically, we expect that there will in general exist many strictly semistable self-dual representations. Similar behaviour occurs for G-bundles a over a curve.
A priori, σ-semistability is strictly stronger than semistability. However, we have the following result. Proof. It is immediate that semistability implies σ-semistability. Suppose then that M is σ-semistable but not semistable and let i : U ֒→ M be the strongly contradicting semistability subrepresentation. Then U and S(U ) are semistable with slopes satisfying
This implies that the composition
vanishes, being a map between semistable representations of strictly decreasing slope. Hence U is isotropic, contradicting the supposed σ-semistability of M .
Because of Proposition 2.2, we will refer to σ-semistability simply as semistability.
by isotropic subrepresentations whose subquotients U 1 /U 0 , . . . , U r /U r−1 and M//U r are semistable and whose slopes satisfy
Moreover, this filtration is unique.
Proof. If M is semistable then 0 ⊂ M is the required filtration. Suppose then that M is not semistable and proceed by induction on the total dimension of M . Let U 1 ⊂ M be the strongly contradicting semistability subrepresentation, which by the proof of Proposition 2.2 is isotropic. By the inductive hypothesis M//U 1 has a filtration of the desired form. Pulling this filtration back by the quotient U In order to relate the representation theoretic notion of σ-stability introduced above with the one arising in GIT, we make the following definitions.
The affine variety of representations of Q of dimension vector d is
Isomorphism classes of representations correspond to the orbits in R d under simultaneous base change by the group
Assume now that k is algebraically closed. Then, up to isometry, there is a unique self-dual structure ·, · on the trivial representation of dimension vector d ∈ Λ 
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The isometry group of ·, · is Each
and by restriction a character of G Since θ and cθ, c > 0, give the same set of (semi)stable points, for the purposes of this paper it suffices to work with σ-compatible stabilities instead of their half-multiples.
We now recall the definition of stability arising in GIT [26] . Suppose again that k is algebraically closed and let V be a representation of a (not necessarily connected) reductive group G. Fix a character χ of G.
The χ-(semi)stable points for the action of G and its identity component coincide [26, Proposition 1.15] . In particular, χ-(semi)stability depends only on the restriction of χ to the identity component of G. We can therefore apply the usual Hilbert-Mumford criterion to test stability, regardless of the connectivity of G.
In [17] it was shown that a representation U ∈ R d is (semi)stable with respect to θ if and only if it is χ θ -(semi)stable for the GL d action on R d . Next, we extend this result to the self-dual setting.
is σ-(semi)stable with respect to θ if and only if it is χ θ -(semi)stable.
Proof. We follow the strategy of [17, §3] . We will prove the statement for stability, the argument for semistability being analogous. Given M ∈ R σ d and a oneparameter subgroup λ : is a subrepresentation of M . If this is the case, then {M (w) } w∈Z is a decreasing filtration of M stabilizing at 0 to the left and at M to the right.
Suppose that x ∈ M a i and
Writing (·, ·) for the canonical pairing between characters and one-parameter subgroups, we have
If M is σ-stable, the previous calculations imply that (χ θ , λ) < 0 for all one parameter subgroups λ. By the Hilbert-Mumford criterion we conclude that M is χ θ -stable. Conversely, suppose that M is χ θ -stable. A non-zero isotropic subrepresentation U ⊂ M gives a filtration
There exists a one-parameter subgroup λ : k × → G σ d whose limit lim z→0 λ(z) · M exists and whose associated filtration is (3); take λ to have weight −1 on U , weight zero on the vector space complement of U in U ⊥ , and weight 1 on the complement of U ⊥ . Again applying the Hilbert-Mumford criterion we find
proving that M is σ-stable.
For each σ-compatible stability θ and dimension vector d ∈ Λ σ,+ Q , define the moduli space of semistable self-dual representations as the GIT quotient
It is an irreducible normal variety with a projective morphism to M σ,0-ss d , parameterizing S-equivalence classes of semistable self-dual representations. Precisely, every semistable self-dual representation M has an isotropic Jordan-Hölder filtration
whose subquotients U 1 /U 0 , . . . , U r /U r−1 and M//U r are (σ-)stable of slope zero.
The associated graded self-dual representation is 
Remark. Proposition 2.5 remains true if −1 ∈ k is a square, but is false otherwise. A counterexample is given by the twofold direct sum of a one dimensional orthogonal representation of the one point quiver over 
is in general singular. Moduli spaces of K 2 -representations can be described explicitly. For each d ≥ 0, taking symmetric products gives isomorphisms
From Proposition 2.5,
can be identified with the complement of the big diagonal in (4). This contrasts the situation for ordinary representations, where M θ-st
Integration maps and stack generating functions 3.1. Hall algebras, modules and integration maps. Let k = F q be a finite field of odd characteristic. The Hall algebra [30] of Rep Fq (Q) is the Q-vector space generated by the set of all isomorphism classes of representations,
with associative multiplication
The structure constants are the Hall numbers
The quantum torusT Q attached to Rep Fq (Q) is the Q-vector space with topological basis {x d } d∈Λ
and multiplication
It is shown in [29] that the map, called integration, given by
is a Q-algebra homomorphism. We now construct a lift of the homomorphism H to the self-dual setting. To do this, we first recall the definition of the Hall module associated to the category Rep Fq (Q) with fixed duality structure [33] . It is the Q-vector space generated by the set of all isometry classes of self-dual representations,
with H Q -module structure given by
The structure constants are self-dual versions of Hall numbers,
where it is implicit that the isomorphism N//Ũ ≃ M be an isometry.
We will also need a self-dual modification ofT Q . For this, letŜ Q be the Q-vector space with topological basis {ξ e } e∈Λ σ,+ Q andT Q -module structure
That this indeed defines a module follows from the identity
Denote by Aut S (M ) the isometry group of a self-dual representation M . The next result gives the desired lift of Reineke's integration map.
is a H -morphism, i.e. the diagram
commutes, where the horizontal maps are the module structure maps.
Proof. By linearity it suffices to verify that for all representations U and self-dual representations M we have
A short calculation shows that this is equivalent to the identity
After using [33, Lemma 2.2], the desired identity becomes that which was proved in [33, Theorem 2.9].
Remark. More generally, the integration maps exist and Theorem 3.1 holds for finitary hereditary abelian categories with duality.
Denote byĤ Q the completion of H Q with respect to its natural Λ + Q -grading and letM Q be the corresponding completion of M Q . Both integration maps and Theorem 3.1 extend to these completions.
We briefly mention a geometric interpretation of S Q . For simplicity we use its uncompleted version. To each finite rank lattice Λ with an integer-valued skewsymmetric bilinear form ·, · there is an associated quantum torus algebra T Λ . In terms of equation (5), ·, · is used in place of χ to define multiplication in T Λ .
2 The quasi-classical limit of T Λ is the Poisson algebra of regular functions on a Poisson torus X Λ . An involution σ : Λ → Λ satisfying
induces an anti-Poisson involution of T Λ . Suppose that σ preserves a set of generators of Λ. Then the fixed locus of the resulting involution of X Λ is a coisotropic subtorus. The space of global sections of a vector bundle over the fixed locus is naturally a module for the algebra of regular functions on X Λ . Then S Λ can be interpreted as the quantization of a vector bundle over the fixed subtorus whose rank is equal to two to the number of generators of Λ fixed by σ. In this general setting, possibly after adjoining q (6) to define S Λ . In the quiver case this can be refined by instead using the function d → E(d) − E(σ(d)), as done above.
2 From the Poisson point of view, it is natural to use the skew-symmetrization of χ in equation (5) . We do so in this paragraph only, as it would complicate formulas in the rest of the paper.
Stack generating functions. Given a dimension vector
For fixed σ-compatible stability there are similarly defined semistable characteristic functions
with fixed dimension vectors d or slopes µ. As self-dual representations have zero slope we have written 1 σ,θ-ss for 1 σ,θ-ss µ=0 . In each case, define the corresponding stack generating function by integrating the characteristic function. For example,
the sum being over isometry classes of self-dual representations. The quantity A σ d
can therefore be interpreted as the number of points of the disjoint union of quotient stacks
In analogy with [19] , A σ,θ-ss ∈Ŝ Q will be called the orientifold DT series. For n ≥ 0 and
Similarly, for e ∈ Λ 
Proof. For the first identity, see for example [24] . In the self-dual case, for fixed i ∈ Q σ 0 , a direct calculation shows
, where E 0 is the function given by the first two terms in equation (2) . Concretely, the sum is over the two distinct orthogonal groups (s i = 1) or the unique symplectic group (
Denoting by E 1 the function given by the last two terms in equation (2) we have |R σ e | = q −E1(e) . Putting these calculations together and using Burnside's lemma gives the claimed formula for A σ e .
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Fix a σ-compatible stability θ. As iterated products in H Q count filtrations, the existence of unique HN filtrations implies the following identity (see [29] ):
The sum is over all ( 
the sum over all (
and whose slopes satisfy
Here
could be the zero vector. Below we will write l(d
n . We will use the following modification of [29, Definition 5.2] .
(2) The I-coarsening c I (d
is called σ-admissible if (a) its components have strictly decreasing slope, and (b) the following inequalities hold:
where the sum is over all
Q which are equal to (∅; d) or are of σ-weight d and satisfy
Proof. The proof follows that of [29, Theorem 5.1] . Substituting the claimed expression for 1 σ,ss d into equation (8) and using the resolution of the ordinary HN recursion from loc. cit. gives
The outer sum is as in equation (8) while the inner sum is over all (
the order of summation in the above expression for 1
The range of the outer sum is as in the statement of the theorem while the inner sum is over σ-admissible coarsenings of (e • ; e ∞ ). To complete the proof it suffices to show that, for fixed (e
• ; e ∞ ) equal to (∅; d) or satisfying the inequality in the statement of the theorem, we have
the sum over all σ-admissible coarsenings of (e • ; e ∞ ). This is a self-dual analogue of [29, Lemma 5.4] . To verify equation (9), we induct on l(e • ). If l(e • ) = 0, then (e
• ; e ∞ ) = (∅; d) and equation (9) is trivial. If l(e • ) = 1, then (e • ; e ∞ ) = (e 1 ; e) with µ(e 1 ) > 0. This has two σ-admissible coarsenings, namely I = ∅ and I = {1}, and equation (9) again holds. Suppose then that l(e • ) ≥ 2. We can now use the proof of [29, Lemma 5.4] . Precisely, it is straightforward to verify that the bijections of admissible coarsenings described in loc. cit. induce bijections of σ-admissible coarsenings. This allows to complete the induction step, proving equation (9) .
Combining Theorems 3.1 and 3.3 and Proposition 3.2, we obtain the following explicit formula for A is equal to
where the range of summation is as in Theorem 3.3.
In particular, there exists a rational function a σ,θ-ss d ∈ Z(t) that specializes to A σ,θ-ss d (F q ) at every odd prime power q.
For quivers without cycles and generic stabilities θ, the ordinary stack generating function satisfies a θ-ss d
) [29] , giving an effective way to compute Poincaré polynomials of quiver moduli. In the self-dual case, because of strictly semistable representations, a For similar interpretations in the case of G-bundles over curves and ordinary quiver representations, see [1] , [22] and [12] , respectively.
Stack generating functions, without any genericity condition on θ, also have string theoretic importance. Specifically, it has been proposed that the a θ-ss d
determine the Higgs branch expression for the index of BPS black holes in N = 2 supergravity [23] . Using [29] , this has been tested in a number of examples. Given Theorem 3.4, it would be interesting to test a similar relationship between a σ,θ-ss d and indices of BPS black holes in the presence of an orientifold [4] .
Example. For the n-Kronecker quiver with stability θ = (1, −1) we have a sp,θ-ss (1,1) ≃ P n−1 , arising as the coarse moduli space of the trivial quotient stack
can be interpreted either as the function counting 
In particular, when n = 2, this becomes a sp,θ-ss (2,2)
= t 3 + t − 1, which is polynomial in t but does not specialize to the Euler characteristic of M sp,θ-ss (2,2)
≃ P 2 . This reflects the existence of strictly semistable symplectic representations.
⊳
We now consider a class of quivers with involution whose self-dual representation theory differs only mildly from their ordinary representation theory. Fix a quiver an acyclic quiver Q and let Q ⊔ be the disjoint union of Q with its opposite Q op . Let σ be the involution swapping Q and Q op . Consider a quiver Q ′ obtained from Q ⊔ by adjoining arrows from Q op to Q in such a way that σ can be extended to Q ′ . The σ-compatible stabilities for Q ′ are of the form θ
Furthermore, suppose that both stabilities are generic in the sense that µ(V ) = µ(U ) whenever dim V < dim U .
Self-dual representations of (10) is its Jordan-Hölder filtration. It follows that the map 
Suppose that d 1 = 1. For stability θ 0 = (d 2 , −1), the representation (A, B) is semistable if and only if A = 0. The argument above gives
For θ − = (d 2 + 1, −1), the representation (A, B) is semistable if and only if neither
which specializes at t = 1 to the Euler characteristic of M
Wall-crossing of self-dual invariants. We begin this section by describing the expected wall-crossing behaviour of orientifold DT invariants, i.e. virtual counts of σ-stable self-dual objects in Rep k (Q). For generic stability the moduli space M . In general, the definition of Ω θ d is more involved [16] , [18] , [19] . Under similar generic conditions, we therefore define the orientifold DT invariant by As mentioned above, genericity is more difficult to attain in the self-dual setting. By convention we set Ω σ,θ 0 = 1 for all θ. To study the θ dependence of Ω σ,θ e , fix an object U and a self-dual object M . Let θ − , θ 0 and θ + be nearby σ-compatible stabilities satisfying
Suppose that U and M are (σ-)stable with respect to each of the above stabilities and that d = dim U , σ(d) and e = dim M are distinct and primitive. For stability θ − , any non-trivial self-dual extension
presenting M as the quotient N//U , is σ-stable. For stability θ + , such an N is destabilized by U whereas non-trivial self-dual extensions of M by S(U ) are σ-stable. Using Schur's lemma, results of [33, §2.3] imply that these spaces of self-dual extensions can be decomposed as
Example. For the quiver -1 1 , the ordinary version of Theorem 3.5 reads
where
is the quantum dilogarithm. The stabilities are (−1, 1) and (1, −1) on the left and right hand side of equation (13), respectively, and we have written x 1 for x (0,1) and so on. Equation (13) is the pentagon identity for the quantum dilogarithm and illustrates the simplest example of the primitive wall-crossing formula for DT invariants [5] , [8] , [19] . For orthogonal representations, Theorem 3.5 gives
with stabilities as in equation (13). Write I for the non-simple indecomposable representation. For stability (1, −1), the n-fold direct sum of the hyperbolic representation H(I) is the unique semistable orthogonal representation of dimension vector (2n, 2n). This representation has isometry group Sp 2n (F q ), so that
Short calculations give A o,ss = E q 2 (x (1,1) ) ⋆ ξ 0 so that equation (14) becomes
Similarly, for symplectic representations we have
The difference between the orthogonal and symplectic cases reflects the existence of non-hyperbolic symplectic representations. The action of the quantum dilogarithms on the right hand side of equation (15) can be interpreted as adding hyperbolic representations to the trivial and stable of dimension vector (1, 1) symplectic representations. ⊳
We now formulate an algebraic definition of orientifold DT invariants for finite type quivers. We expect that a similar definition should work more generally.
Definition. A σ-compatible stability is called partially discrete if
(1) for each non-zero µ ∈ Q, the abelian subcategory of semistable representations of slope µ is either zero or is semisimple with a single simple object, and (2) a semistable representation has zero slope only if its dimension vector is σ-symmetric.
Finite type quivers have partially discrete stabilities which can be deformed, without preserving σ-compatibility, to discrete stabilities (where condition (1) in the above definition holds for all µ ∈ Q) in such a way that the original partial ordering of stable representations by slope is preserved.
Given a partially discrete stability, consider the factorization of A σ from Theorem 3.5. The factors {A θ-ss µ } µ>0 encode the DT invariants Ω 
Here the classical product structure, ξ d · ξ d ′ = ξ d+d ′ , onŜ Q is used. Since the restriction of the Euler form to Λ σ Q is symmetric, equation (16) involves only a commutative subalgebra ofT Q and there is no need to order the product.
Comparing equations (14) and (15) with equation (16) shows that the only nontrivial orientifold DT invariant for is Ω is zero unless d is a σ-symmetric positive root of the associated root system, in which case Ω σ,θ d is either zero or one depending on θ and the duality structure. The invariants defined by equation (16) agree with the those defined via Euler characteristics and satisfy the primitive wall-crossing formula (11) .
Example. The wall and chamber structure of the space of σ-compatible stabilities for the quiver is shown in Figure 1 . The orientifold DT invariants are constant within each chamber but change according equation (11) when crossing a wall. The ordinary DT invariants may change within in chamber. For example, crossing the dashed line leads to pentagon-type wall-crossing in the factor µ>0 A ss µ but does not affect A σ,ss . ⊳ Example. Let Q ⊔ be the disjoint union of an ADE quiver Q and its opposite. For any σ-compatible stability, the map
defines a bijection between the semistable representations of Q and the semistable self-dual representations of Q ⊔ . Using equation (16) , it follows that the orientifold DT invariants of Q ⊔ vanish. ⊳ 3.4. Quivers with potential. We consider briefly the extension of the formalism above to quivers with potential. A potential is an element W ∈ kQ/[kQ, kQ] and a representation of (Q, W ) is a finite dimensional module over the Jacobian algebra J Q,W = kQ/ ∂W . A duality structure S on Rep k (Q) defines in a natural way an involution on the space of potentials. We say that W is S-compatible if it is fixed under this involution. If W is S-compatible, there is an induced duality structure on the abelian category of finite dimensional J Q,W -modules. However, as the homological dimension of this category is generally greater than one, Hall algebra techniques cannot be applied directly to study its moduli spaces of representations. Instead, we use the equivariant approach of Mozgovoy [25] . Suppose that we are given a weight map wt : Q 1 → Z ≥0 . This defines a k × -action on R d as follows. Given M ∈ R d and t ∈ k × , the representation t · M has the same underlying vector space as M but with structure maps t wt(α) m α . Assume that W is homogeneous of weight one with respect to wt, i.e. w(t · M ) = tw(M ) where w : R d → k denotes the trace of W . If Q has an involution σ, we additionally assume that wt is σ-invariant. This implies that R
Example. The quiver for C 3 is a single node with three loops α, β, γ and potential W = α[β, γ]. Give α weight one and the other arrows weight zero. Consider the trivial involution and fix (s, τ ) determining a duality S. Then W is S-compatible if and only if τ α τ β τ γ = −1. Self-dual representations describe N = 4 or N = 2 supersymmetric gauge theories on the worldvolume of D3-branes placed on O3-or O7-planes. These are gauge theories with orthogonal or symplectic gauge groups and matter in the symmetric or exterior square of the fundamental representation. More generally, any quiver with potential arising from a consistent brane tiling that admits an orientifold action, such as the conifold and CDepartment of Mathematics, The University of Hong Kong, Pokfulam, Hong Kong E-mail address: myoung@maths.hku.hk
